Abstract-Battery equalization systems are circuit modules designed to balance the charges among the cells in battery management systems. Within this area, most research and development efforts have been spent on electrical hardware design. On the other hand, limited studies have been carried out to investigate the systems' performances from the system level. The commonly-used methods in these studies include physical experimentation of the hardware equipment and computer simulation based on the circuit models. Unfortunately, these tools are usually inefficient especially for large scale systems. In this paper, we study two types of battery equalization systems (namely, layer-based and module-based) based on mathematical models extracted from their circuit behavior. Specifically, we derive the formulas to calculate the equalization time (i.e., the time needed to complete entire equalization process) of the battery systems and develop algorithms to calculate the state of charge (i.e., the ratio of a cell's remaining charge to its charge capacity) of battery cells during the equalization process. Numerical experiments are used to justify the accuracy and computational efficiency of the proposed algorithms against simulations.
I. INTRODUCTION
The use of battery technology is soaring in various applications such as electronics, space power, electric and hybrid electric vehicles. Indeed, the battery is regarded as one of the most important components for energy storage in autonomous electric systems [1] . Since a single cell can only offer limited capacity, multiple battery cells are often connected in series and/or in parallel to meet voltage and current requirements. However, due to manufacturing precision, operating condition variability and other internal and external reasons [2] - [4] , individual cells in a real battery stack typically exhibit variations in performance, for example, amounts of charge held. As a result, charge imbalance among the cells in a battery string becomes a very common issue. Maintaining the charge balance is of critical importance to the performance and life of a battery system. Indeed, the capacity of the battery string will decrease quickly under charge imbalance, which may lead to lower efficiency or even failure of the entire system [4] .
To maintain the charge balance in a battery system, special circuit modules are usually designed and connected with the cells. These modules are typically referred to as equalizers. The equalization method can be categorized as passive and active balancing. In passive equalization, excess charge from higher charged cells are released through resistive elements until all cells reach the same state. On the other hand, in active equalization, charges from higher charged cells are transfered to lower charged cells using energy storage components such as capacitors and inductors [5] . Moreover, for active equalization, appropriate equalization algorithms are also required to maximize efficiency of battery equalization system. The equalization algorithms can be divided into two categories [6] , [7] : voltage-based and state-of-charge (SOC)-based equalization algorithms. Voltage-based equalization algorithms are widely used in real-time systems because of direct measure of cell voltage [8] . SOC-based equalization algorithms typically require accurate knowledge about the remaining capacity in each cell and are more suitable for Li-ion batteries, where a small voltage variation may result in large capacity inconsistency [9] , [10] .
Up to today, significant research and development efforts have been spent on the electrical hardware design of battery equalization systems and numerous valuable results have been reported [11] - [15] . Meanwhile, limited studies have been carried out to investigate the systems' performances from the system level. Among these studies, heuristics-based control and fuzzy logic-based control are discussed in [16] , while in [17] , model predictive control is applied. It should be noted that both papers only discuss systems with no more than 4 cells, which is far from practical. Seeing the gap in this area, a system-theoretic approach is adopted to study the behavior of battery equalization systems in [18] , [19] . Specifically, paper [18] proposes to a system-level model to describe the charge equalization behavior. Then, analytical algorithms are derived to calculate the equalization time (i.e., the time needed to complete the entire equalization process) for three different types of equalization structures: seriesbased, layer-based and module-based. The study is extended in [19] , which focuses on series-based equalization systems considering energy loss, and external charging/discharging. Moreover, paper [19] also derives algorithms to calculate the SOCs during equalization process. In this paper, we further extend the work of [19] to layer-and module-based equalization systems.
The remainder of this paper is organized as follows: Section II introduces the assumption and mathematical model of layer-based battery equalization systems and develops formulas to calculate the time required to complete equalization under given initial cell SOCs, and a computationally efficient algorithm to approximate the cell SOCs during the equalization process. Similar analyses for module-based equalization systems are carried out in Section III. Finally, Section IV presents the conclusions and future work.
II. LAYER-BASED EQUALIZATION STRUCTURE
The layer-based battery equalization structure is first proposed in [20] . Then, in paper [18] , a system model is extracted from the high-level circuit behavior and an analytical formula to calculate the equalization time based on initial cell SOCs is derived. In this section, we extend the work by considering energy losses. Moreover, an analytical algorithm is derived to calculate the cell SOCs during system operation.
A. Model 1) Model description: Consider a layer-based battery equalization structure shown in Figure 1 based on the following assumptions: 
h−1 units of SOC to each cell in the substring on the other side uniformly during this working cycle. Clearly, the total amount of SOC lost during a working cycle τ is r h τ l e . If the substrings on both sides of an equalizer have the same total SOC, no transfer takes place through this equalizer. To illustrate the operation, consider the 3-layer-8-cell battery equalization system shown in Figure 1 . In this system, equalizer e 3 manages substring b 5 -b 6 (left of e 3 ) and substring b 7 -b 8 (right of e 3 ), while e 1 manages b 1 
On the other hand, each cell is affected by the operation of L = 3 equalizers − one from each layer. For instance, cell b 4 is affected by e 1 , e 2 , and e 5 . Moreover, since each equalizer treats each cells in a substring evenly, the equalization operation of one equalizer is independent of all others in the system.
2) Mathematical model: Let t n = nτ , n = 0, 1, 2, . . . , and let x i (t) ∈ [0, 1], i = 1, . . . , B, denote the SOC of cell b i at time t ≥ 0. Then, based on the descriptive model above, the evolution of the cell SOCs' are given by
where k i (t n ) is the total charge transfer rate at cell b i from all equalizers during time (t n , t n+1 ]: (2) and
B. Equalization time 1) Calculation formula:
Since the equalizers in the layerbased structure work independently of each other, the time needed for e i to balance the charge of its two associated substrings is
where
Then, the time for all cells in the system to achieve equalization, denoted as T layer e , can be calculated by
t eq (i).
2) Validation by simulation: In order to justify the accuracy of equation (7), a MATLAB program is created to "simulate" the system behavior based on the mathematical model defined by the assumptions above, i.e., by iteratively calculating the values of x i (t n ) based on equation (1 (5)- (7). The accuracy is evaluated using the percentage error between the two values:
The results are summarized in Table I . As we can see, the average error¯ e is very small for all cases studied, which implies that the calculated equalization time is close to the true value. Therefore, we claim that equations (5)- (7) can be used to calculate the equalization time for layer-based battery equalization systems. 0.2989% 0.0307% 0.0033%
C. Approximation of cell SOCs during equalization 1) Calculation formula:
While the cell SOCs of the battery equalization system considered in this section can be calculated based on equation (1), the computational time may be overly long for small r h due to iterative calculation of x i (t n ) for every single n = 0, 1, 2, . . . . To overcome this problem, note that each cell is affected by exactly L equalizers − one from each layer, and that each equalizer transfers charge into or out of a cell with constant rate before equalization is reached. Moreover, the total operating time of each equalizer can be calculated using (5) . Thus, the SOC of b i at time t can be approximated as:
where i h is the index of the equalizer in layer h that affects battery b i given by
and j(·) is defined in (6).
2) Validation by simulation:
In order to test the accuracy of equation (9), the same simulation program and the same data set generated above are used. For each sample, we first simulate the system by iteratively calculating the values for all x i (t n )'s until all cells are equalized. Then, the approximated SOCs x i (t n ) are calculated based on equation (9) . The accuracy of the method is evaluated based on:
Te/τ n=0
The results are summarized in Table II . As one can see, the average error¯ SOC (B) is again very small. Therefore, we claim that equation (9) can be used to approximate the cell SOCs for the battery system during the equalization process. (8) 0.0442% 0.0044% 0.0004% SOC (16) 0.0510% 0.0051% 0.0005% SOC (32) 0.0518% 0.0052% 0.0005%
As an illustration, consider a layer-based battery equalization system with parameters B = 8, r h = 10 
III. MODULE-BASED EQUALIZATION STRUCTURE

A. Model 1) Model description:
A module-based battery equalization system is shown in Figure 3 . The entire battery series is divided into M modules, each having N cells. Apparently, B = M × N . In such a system, two types of equalizers are present: module-level equalizers and cell-level equalizers. The working cycle for all equalizers are identical (equal to τ ) and synchronized. A module-level equalizer manages the charge balance between two adjacent modules. Specifically, if the total SOC of the cells in a module is higher than that of a neighboring module at the beginning of a working cycle, the associated module-level equalizer between the two modules removes r m /N units of SOC from each cell in the module and transfers r m (1 − l m )/N units of SOC to each cell in that neighboring module uniformly during this working cycle. If the two adjacent modules have the same total SOC, no transfer takes place through their associated module-level equalizer. A cell-level equalizer manages the charge balance between two adjacent cells within the same module with equalization rate r c and charge loss rate l c .
2) Mathematical model: Again, let t n = nτ , n = 0, 1, 2, . . . , and let x i (t) ∈ [0, 1], i = 1, . . . , B, denote the SOC of cell b i at time t ≥ 0. Then, the evolution of the system is given by
where k i (t n ) is the overall charge transfer rate of cell b i during time (t n , t n+1 ]:
and sgn(·, ·) and I A (·) are defined in (3) and (4), respectively.
To study such systems, an analytical algorithm is proposed in [18] for module-based battery equalization systems with no charge loss, i.e., when l c = l m = 0. The algorithm notes that the cell-level equalization and module-level equalization are independent and treats each module individually by viewing a module as an independent series-connected subsystem.
Then, the equalization time for each of these subsystems can be calculated. Next, each module is viewed as an "aggregated cell" such that the entire system again can be analyzed as a series-connected one. Finally, the maximum of the equalization times of the subsystems and the aggregated system is used to approximate the equalization time of the overall system. In this paper, the idea is extended to the cases where l c and l m are greater than zero by applying the methods derived in [19] for series-based battery equalization systems with charge loss.
B. Equalization time 1) Calculation algorithm:
Algorithm 1:
Step 1: For each module i in the system, i = 1, . . . , M, calculate its intra-module equalization time,
where p = (i − 1)N + 1 is the index of the first battery in Module i,
Step 2: View each module i as an aggregated battery cell with its aggregated SOC defined as
Step 3: Consider the series-connected equalization system with the aggregated batteries constructed in Step 2. Calculate the inter-module equalization time, T inter e , based on
where Fig. 3 . Module-based battery equalization system [18] Step 4: The equalization time of the overall system can be approximated by
2) Validation by simulation: In order to justify the accuracy of Algorithm 1, a MATLAB program is created to "simulate" the system behavior based on the mathematical model defined above, i.e., by iteratively calculating the values of x i (t n ) based on equation (12) 
The results are summarized in Table III . As we can see, the average error¯ e is very small for all cases, which implies that the calculated equalization time is close to the true value. Thus, we claim that Algorithm 1 can be used to calculate the equalization time for module-based equalization system. (12) is very time consuming when r c or r m is small. To alleviate this problem, note that the module-based system considered here can be viewed as a group of series-based battery equalization systems that have been studied in [19] . Therefore, the following algorithm is proposed:
Step 1: Consider Module i as a virtual series-based battery equalization system consisting of the N cells in the module and the cell-level equalizers. Apply Algorithm 1 developed in [19] to calculate the approximated SOC of the j-th battery in this virtual system, denoted as x
Step 2: View each module i as an aggregated battery cell with its aggregated SOC defined in (22). Consider another virtual M -cell series-based battery equalization system consisting of these aggregated battery cells and the module-level equalizers.
Step 3: Apply Algorithm 1 developed in [19] to calculate the approximated SOC of the j-th battery cell of the virtual system constructed in Step 2, denoted as X j (t), j = 1, . . . , M.
Step 4: The SOC of the j-th battery cell in the original module-based equalization system can be approximated as:
2) Validation by simulation: In order to test the accuracy of Algorithm 2, the same simulation program and the same data set generated above are used. For each sample, we first simulate the system by iteratively calculating the values for all x i (t n )'s until all cells are equalized. Then, the approximated SOCs x i (t n ) are calculated based on Algorithm 2. The accuracy of the method is evaluated based on:
The results are summarized in the Table IV . As we can see, the average error¯ SOC (B) is again very small. Therefore, we claim that Algorithm 2 can be used to approximate the cell SOCs for the battery system during the equalization process. As an illustration, consider a module-based battery equalization system with parameters B In this paper, we study the layer-and module-based battery equalization systems with energy loss during the equalization process. Specifically, mathematical models are formulated to describe the system-level equalization process. Then, based on the mathematical models, we derive analytical formulas to calculate the total time needed to complete system equalization under given initial SOCs. In addition, algorithms are developed for quick calculation of the cell SOCs during the equalization process. The accuracy and computational efficiency of the proposed algorithms are justified using numerical experiments. Future work includes: investigation of these battery equalization systems with different or timevarying equalization rates; investigation of these battery equalization systems with feedback control; investigation of these battery equalization systems under external charging/discharging; extension of the analyses to battery systems with other equalization structures.
